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Unique common fixed point theorems for single and set
valued D-maps

ABSTRACT

In this paper, we obtain two unique common fixed point theorems for
two pairs of sub compatible D-maps satisfying weak contractive
condition in a metric space. Our results generalize and extend the
theorems of [2] and [10] to the setting of two pairs of single and
set-valued maps.
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Introduction and Preliminaries

In this paper (X, d) denotes a metric space and B(X) is the set of all non empty bounded subsets of X. For all A, B in B(X) we
define,

5(A,B)=sup{d(a,b):acAbeB]}.
it A={a}, 5(A,B)=5(a,B).Alsoif B={b}, 5(A B)=d(ab).

Now we give properties of 5:
0(A,B)=05(B,A)>0.
S(A,B) =5(A,C) +5(C, B).
O0(A, A) =diamA.
5(AB)=0< A=B={a}.
Forall A,B,C € B(X).

First , we give some known preliminaries.

Definition 1.1. ([5]) A sequence {An } of nonemty subsets of X is said to be convergent to a subset A of X if
@) each point a in A is the limit of a convergent sequence {an} where @, isin A, forneN,

(i) for arbitrary & > 0, there exists an integer m such that A, — A, forn>m, where A denotes the set of all
points x in X for which there exists a point a in A, depending on x, such that d(X,a) <&, Aisthen said to be
the limit of the sequence {A} .

Lemma 1.2. ([5]) If {AH} and {Bn} are sequences in B(X) converging to A and B in B(X), respectively, then the sequence
{6(A,,B,)} convergesto 5(A,B).

Lemma 1.3. ([6]) Let {An } be a sequence in B(X) and y be a point in X such that 5 (A, y) — 0. Then the sequence {An }
converges to the set {y} in B(X).

In [9] , Sessa et.al. introduced the concept of weak commutativity for single and multivalued maps as follows :
Definition 1.4. ([9]) The maps F: X — B(X) and f: X — X are said to be weakly commuting if
fFx € B(X) and S(Ffx, fFx) < max {S( fx, Fx), diam fFx}, forall x € X.

Further, Liu Li Shan [8], extended the above definition as follows :

Definition 1.5. ([8]) The maps F: X — B(X) and f: X — X are said to be 3- compatible if lim o (Ffx,, fFx,) =0, whenever
N—o0

{X,} isasequencein X suchthat fFx, € B(X), Fx, = {t} and fx, >t forsometinX.

Afterwards, Jungck and Rhoades [7], gave a generalization of the above definition as follows:
Definition 1.6. ([7]) The maps F: X — B(X) and f : X — X are said to be subcompatible if

{te X /Ft={ft}} = {te X /Fft= fFt}.
Obviously two 3-compatible maps are subcompatible but converse is not true ( see examples in [3] ).

Definition 1.7. ([4]) The maps F : X — B(X) and f: X — X are said to be D-maps if there exists a sequence {Xn} in X such that
lim fx, =t and lim Fx, ={t} for some t € X.

N—o0 N—o0

Definition 1.8. ([10]) A self map T : X — X is said to be weakly contractive with respect to a self map f: X — X if
d(Tx,Ty) <d(fx, fy)—e(d(fx, fy)) forall x, y € X, where ¢ :[0,00) — [0, 0) is continuous, ¢(0) =0, ¢(t) >0 for
t>0.

152



Research Article K.P.R. Rao et al, Carib.j.SciTech,2013,Vol.1,151-159

Definition 1.9. ([2]) A self map T : X — X is said to be a generalized weakly contractive with respect to a self map f: X — X if

d(fx, fy),d(fx,Tx),d(fy,Ty), d(fx, fy),d(fx,Tx),d(fy,Ty),

d(Tx,Ty) < max %[d(fx,Ty)er(fy,Tx)] o) max %[d(fx,Ty)er(fy,Tx)]

for all x, y € X, where ¢ :[0,0) — [0, %) is continuous, ¢(0) =0 and ¢(t) >0 for t>0.

Definition 1.10. ([1]) The pair (f, T) is said to satisfy property (E.A) if there exists a sequence {Xn } in X such that
lim fx, =t and limTx, =t for somet € X.

n—oo n—o0
Recently G.V.R.Babu et al. [2, 10], proved the following theorems of common fixed points of a pair of selfmaps.

Theorem 1.11. (Theorem 3.1 of [10]) Let (X, d) be a metric space and let T, f: X — X be weakly compatible selfmaps satisfying
property (E.A). Assume that T is weakly contractive with repect to f. If f (X) is closed, then f and T have a unique fixed point in X.

Theorem 1.12. (Theorem 4.1 of [2]) Let (X,d) be a metric space and let T, f: X — X be selfmaps satisfying property (E.A).
Assume that T is a generalized weakly contractive map with repect to f. If f (X) is closed, then fand T have coincidence points
and fand T have a unique point of coincidence in X.

Generally to prove common fixed point theorems for two pairs of maps or Jungck type maps using property (E.A.), one
can tempt to assume the closedness of one of the mappings or surjectiveness of one of the mappings. Some times, the authors
assume the surjectiveness of two mappings when they used the common property.

In this paper, we relax some conditions by introducing the following two definitions.
Definition 1.13. Let f be a self map on a metric space (X, d) and let S : X — B(X) be a set-valued map. The pair (f, S) is said to
be a pair of D-maps with respect to f , if there exists a sequence {Xn} inXsuch that lim fx, =z and lim Sx, = {Z} for

n—o0 N—
some z € f (X).

Definition 1.14. Let f, g be self maps on a metric space (X, d) and let S : X — B(X) be a set-valued map. The pair (f, S) is said to
be a pair of D-maps with respect to (f, g), if there exists a sequence {Xn} in X suchthat lim fx, =z and lim Sx, = {Z} for

N—o0 N—o0

some z € f(X)Ng(X).

The aim of this paper is to improve and extend Theorems 1.11 and 1.12 for two pairs of single and set valued maps by using
above definitions.

Main Results

Theorem 2.1: Let f, g be self maps on a metric space (X, d) and let S, T : X — B(X) be set-valued maps such that
d(fx, gy) +8(x,Sx)+5(gy, Ty), 5( fx,Ty),}
6(9y, Sx)

_w[max {d(fx, gy)+5(fx,Sx)+5(gy,Ty),}j
o(fx,Ty),5(gy, Sx)

(2.1.1) 6(Sx,Ty) < max{

for all x, y € X, where ¢ :[0,00) — [0, ) is continuous, ¢(t) >0 for t> 0,
(2.1.2) (f,S)and (g, T) are subcompatible pairs.
(2.1.3) (a) (f, S) is a pair of D-maps with respect tof and Sx < g (X), V x € X.
(or)
(2.2.3) (b) (g, T) is a pair of D-maps with respect to g and Tx € f (X), vV x € X.
Then f, g, Sand T have a unique common fixed point in X.
Proof. Suppose (2.1.3) (a) holds.

n} in X such that

Since (f, S) is a pair of D-maps with respect to f, there exists a sequence {X
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lim fx, =z and lim Sx, ={Z} for some z € f (X).

N—o0 N—o0

Hence there exists u € X such that z = f u.

Since Sx € g (X) for all x € X there exist &, € SX,, and y, € X such that o, = gy, foralln.
Also d(gy,,z) =d(a,,z) <5((Sx,,2) >0 asn— .
Thus lim gy, =z.

n—o0

Now,

5( an ’Tyn)’ 5(gyn' SXI’])

—go[max {d(fxn, 0yn) + 6P, 5xn)+5(gyn,Tyn),H
5( an ’Tyn)’ 5(gyn' SXI’])

5(S%,.Typ) < max{d(fxn’gy“)+5(fxn'an)+5(9yn:Tyn),}

Letting n — oo we have,
5({z}. limTy,) < max d(z2,2) + 6(z () +8({z}. imTy,). 8({z}. limTy,). 8(z.{z))]
~p(max {d(z.2)+ (2. z)+ 52} limTy,). 5z imTy,). 5 (2] )
Thus 5({z}, limTy,) <5(z}, lim Ty,) - p(3((z}, lim Ty, ).
Since ¢(t) >0 forall t>0, we have 5({2}'n"330Ty”) =0.

Hence lim Ty, ={z}. Thus

N—o0
lim Sx, = limTy, ={z}, lim fx,=z= lim gy,.
nN—o0 nN—oo nN—oo n—oo

Now,

d(fu, S(fu,Su)+8(aqy. . Ty.),s(fu,Ty.),
5(Su,Tyn)§max{ (fu, gy,)+5(fu,Su)+5(gy,. Ty,).6(fu yn)}

0(9Yn» SX,)

_(o[max {d(fu, 9yn) +5(fu Su)+6(gyn,Tyn),H.
5(1U,TY0). 6 (@Y, 5%,)

Letting n — o we have,
5(Su,{z}) <max{d(z,2)+5(z,Su) +5(z,{z}),6(2.{z}).5(2.{z})}
—go(max{d(z,z)+6(z,Su)+5(z,{z},6(2,{2}),5(2,{2}) })
which implies that

5(Su,{z}) <6(Su,{z}) —(5(Su,{z})).
It follows that 6(Su,{z}) =0. Hence Su = {Z} .So Su = {Z} = { fu} .

Since {Z} =Su c g(X), there exists w € X such that z = gw.

Now,
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5(S.. Tw) < max {d(fxn, gw) +5(fx,,, SX,) + 5 (gw, Tw), 5( an,TW),}

5(gw,Sx,)

_(o[max{d(fxn, gw)+5(fxn,an)+6(gW,TW),H
o(fx,,Tw),s(gw, Sx,,)

Letting n—oo we have,
S({z},Tw) <max{d(z,2)+5(z,{z}) +5(z,Tw),5(z, Tw),5(z,{z})}
—go(max{d(z, 2)+5(z.{z}) +5(z,Tw),6(z,Tw),5(z,{z})})
=5({z}, Tw)—(5({z},Tw))

which implies that Tw = {Z} .Thus SuU=Tw= {Z}, fu=gw=z.

Since (f, S) is subcompatible we have, Sz = Sfu = fSu = { fz} )
Now,
5(Sz,Tw) < max {d(fz, gw) +5( fz,Sz) + 5 (gw, Tw), 5 ( fz, Tw), S (gw, Sz)}
—go(max{d(fz,gw)+6(fz,Sz)+5(gW,TW),5(fz,TW),5(gW,Sz)})
which implies that,
5(Sz,{z}) <max{d(fz,2)+5(fz,{ fz}) +5(z,{z}).6(Sz.{z}),5(Sz.{z})}
—p(max{d(fz,2) +5(fz,{ fz}) +5(z.{2}),6(Sz.{2}).5(Sz.{z})})
=5(Sz,{z}) - 9(6(Sz,{z})).

It follows that Sz = {Z} )

Thus

Sz={z} ={fz} i (1)
Since (g, T) is sub compatible we have Tz = {gz} .
Now,

o(Su,Tz) < max{d(fu, gz)+6(fu,Su)+6(9z,Tz),6(fu,Tz),6(gz, Su)}
—go(max{d(fu, gz)+6(fu,Su)+6(9z,Tz),6(fu,Tz),6(gz, Su)})
which implies that,
5({z},T2) <max{d(z,92) +5(z,{z}) +5(T2,T2),5(z.{z}), 6 (T2,{z})}
—go(max{d(z, 92)+3(z,{z}) +6(Tz,Tz),5(z,{z}),6(Tz,{z})})
=5({z},Tz)—p(6({z},T2)).
It follows that Tz ={z}.

Thus

Hence z is a common fixed pointof S, T, f and g .
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Uniqueness of common fixed point follows easily from (2.1.1) .
Thus z is the unique common fixed pointof S, T, f and g .
Similarly we can prove the theorem if (2.1.3) (b) holds.

Now we give an example which illustrates our Theorem 2.1.
Example 2.2. Let X =[0,1] endowed with usual metric d.
Define S, T: X —B(X)and f,g: X — X by

1 . 1
- > if xe[0,4], o {1_X if xe(0,1]
_ s = - l !
le if xe(3,1] 0 el Al

1 {%} if xe [O,%
Sx = {E} and TX =

31 .
|:§,E:l |fX€(l,1]

Then 5x={%}g 0(X)=[2.) U0}, Tx:[g,ﬂg f(X)=(g,ﬂ forall x e (2,1].
Case(i): Ifxe X, ye[0,4] then, & (Sx, Ty)=0.

Case(ii) : Ifxe X, ye(3,1] then, 5(Sx,Ty) =%, d(fx, gy) >§ .
Thus in all cases, we have

o(Sx,Ty) < %max{d (fx,gy) +0(fx,Sx)+5(ay,Ty), s (X, Ty),5(qy, Sx)}.

2t
The inequality (2.1.1) is satisfied with @(t) = ? Clearly (f, S) and (g, T) are subcompatible, since they commute at their

1
coincidence point X = E

Now for {X"}Z%_zi' we have fxn—>%, SX,, ={%} %e f(X) .
n

Sx € g (X), vV x € X. Hence the condition (2.1.3)(a) is satisfied. The condition (2.1.3)(b) is not satisfied , since
Txg f(X),Vvxe@,1].

Thus all the conditions of Theorem 2.1 are satisfied and 7ls the unique common fixed point of f, g, Sand T.

Remark. In Example 2.2, note that the maps f and g are not surjective and the sets f (X) and g(X) are not closed.

Corollary 2.3. Let f, g be self maps on a metric space (X, d) and let S, T : X — B(X) be set-valued maps satisfying (2.1.2),
(2.1.3)(a) or (2.1.3)(b) and

23.) 5(SK.Ty) < (p{max{d(fx, ay) +6(fx, Sx)+5(gy,Ty),H

S(x,Ty),5(ay, SX)

for all x, y € X, where ¢ : [0,00) — [0,0) is continuous and ¢ (t) <t forall t>0.
Then f, g, Sand T have a unique common fixed point in X.

Proof. Follows from Theorem 2.1, by putting ¢ (t) =t - o (t).
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Now we give the following

Theorem 2.4: Let f, g be self maps on a metric space (X, d)and let S, T : X — B(X) be set-valued maps such that

d(fx, gy), 8( fx, 5x),5(gy,Ty),5(fx,Ty),H
o(gy, Sx)

_¢[max {d(fx, ay), (fx, SX),6(gy,Ty),H

(24.1) w(6(Sx,Ty)) <y [max{

o(x,Ty),o(gy, Sx)
for all x, y € X, where y,p:R, — R, are continous and ¢ (t)>0 forall t>0.

(2.4.2) (f, S)and (g, T) are subcompatible pairs and
(2.4.3) either the maps f and S or the maps g and T are D-maps with respect to the pair (f, g).

Then f, g, Sand T have a unique common fixed point in z € X such that Sz =Tz ={fz} = {gz} ={z} .

Proof. Suppose that the maps fand S are D-maps with respect to the pair (f, g). Then there exists a sequnce {Xn} in X such that

lim fx, =z and lim Sx, :{Z} for somez € f(X) N g (X).

N—o0 N—o0

Hence there exists u, v € X such that z = fu =gv.

Putting X = X, , y=vin(2.4.1) we get,

d(fx,,gv),o(fx,,Sx,),o(qv,Tv),
w(é(an,Tv))Sz//[max{ 5(x,,Tv),5(gv, Sx,) H

[ {d(fxn,gv),5(fxn,an),é(gv,Tv),H
—p| max
o(fx,,Tv),o6(gv,Sx,)

Letting n — oo, we get
w(5(2,Tv)) <y (max {0,0,5(z,Tv),5(z,Tv),0}) —p(max {0,0,5(z,Tv),5(z,Tv),0}).
=y (6(z2,TV)) - p(6(z,TV)).
Hence ¢ (8 (z, Tv)) <0'so that Tv ={z}.

Thus

Puttingx =u, y=vin (2.4.1), we have Su = {Z} .
Thus

{fu} ={Z} =SU. . (V)
From (111), (IV) and (2.4.2) we have { fz} =Sz and {gz} =Tz.
Putting x =zandy = v in (2.4.1), we have fz =z Thus Sz ={ fz} ={z}.
Puttingx =uandy =zin (2.4.1), we have g z = z. Thus Tz ={gz} = {z} .

Thus z is a common fixed point of f, g, S, and Tand Sz =Tz = { fz} = {gz} = {Z} )

Uniquness of common fixed point follows form (2.4.1).
Similarly the theorem holds when the maps g and T are D-maps with respect to ( f, g).

The following example illustrates our Theorem 2.4.
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Example 2.5. Let X = [0, 1] endowed with usual metric d. Define S, T : X — B(X) and
f,g: X—X by
1

if x [0,4]

fx= L , gX =
X% ifxe(,1]

{%} if x [0, ]
and Tx =

Ir7z 17 .
|:E,E:‘ |fX€(l,1] |:

Case(i) : If X,y e[0,2] then & (Sx Ty)=0.

1-x  ifxe(0,3]
0 ifxe@, u{0}

—

%} if x [0, 4]

17 .
’E} if xe(L,1]

| w

Case(ii) : If x€[0,1], ye(,1] then,
1 1 1
o(Sx,Ty) r d(fx, gy) =5 Thus 5(Sx,Ty)<Ed(fx, ay).

Case(iii) : If X e (£,1], y<][0,1] then,

5(Sx,Ty) =%, 5(1%,5%) =%. Thus 5(Sx, Ty) =%5(fx, SX).

Case(iv) : If X,y € (£,1], then,
1 x+1 3 1
5(Sx,Ty)=§, d(fx, gy)=T>§. Thus 5(Sx,Ty)<Ed(fx, ay).
Thus &(Sx,Ty) s%max{d (x,gy),0(fx,Sx),5(qy,Ty),o(x,Ty),5(gy, Sx)}.

The inequality (2.4.1) is satisfied with w (t) =t, ¢@(t) =— . Clearly (f, S) and (g, T) are subcompatible.

t
2
1 1 1 1 1
Now for {X ! =——— wehave gx. > —, Tx, ==, —e f(X)ng(X).
Ot =250 g =50 Tra= 5 fX)Ng(X)
Hence the maps g and T are D-maps with respect to (f, g). %is the unique common fixed point of f, g, Sand T.

Remark. In Example 2.5, note that
@) f and g are not surjective,
(i) f (X) and g (X) are not closed,

i)  Sxzg(X) vxe(,1, Txg f(X) Vxe@.1]
Corollary 2.6. Theorem 2.4 holds if the inequality (2.4.1) is replaced by

d(fx, gy),5(fx, SX),6(gy,Ty),}j

26. o(Sx,Ty) <
2.6.1) (Sx,Ty) w[max{ 5(fx,Ty),&(gy, Sx)

forall x,y € X, where @ 1R, — R, iscontinous and ¢(t) <t forall t >0.

Proof. Putting w(t) =t, ¢(t) =t — @(t) in Theorem 2.4 we get the proof of the corollary.

Finally, one can easily prove the following:
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Theorem 2.7. Theorem 2.4 holds if the inequality (2.4.1) is replaced by one of the following
(2.7.1) d(fx, gy)Zmax{é(Sx,Ty),é(fx, Sx),5(gy,Ty),5(fx,Ty),5(gy,Sx)}

+¢(max {5(Sx,Ty), 5(x, Sx),5(ay, Ty),5( fx, Ty),5(gy, Sx)} ).

forall x, y € X, where ¢ 1R, — R, iscontinous and ¢(t) >0 forallt >0.

(2.7.2) d(fx,gy)> go(max{5(SX,Ty),6( X, Sx),0(qy, Ty),o (X, Ty),5(ay, Sx)})

forall x,y € X, where ¢ : R, — R, iscontinous and ¢(t) >0 forallt >0.
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