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INTRODUCTION

The concept of &-shading in a fuzzy topolo gical space was introduced by Gantner etal. [6]. This paved a new
idea for generalizing different types of compactness to fuzzy perspective. Using this idea, in [2] we have
introduced and studied ':'E—'ﬁ.a.-almost compactness for crisp subsets (i.c., an ordinary subset) in a fuzzy
topological space.

Here in this paper a class of new concepts has been introduced with the related study. A class of crisp subsets,
called ﬂr.g' -closed subsets, is introduced and established that E—'ii.— almost compactness of a space is inherited by
such subsets. We have obtained a necessary condition for '-’--ﬁ.}-almost conpactness of crisp subsets via such

subsets. Finally, we define two new types of functions under which %- :’J:P-almost compactness and EJ’;-

closeness remain invariantrespectively.

Throughout the paper, by an fts &, we denote a fuzzy topological space (X;’FZI inthe sense of Chang [4]. By a
crisp subset of an fis &£, we mean an ordinary subset#d of & ic., &2 I &' where the underlying structure on <&
is a fuzzy topology wheteas a fuzzy set.A in an fis & denotes, as usual, a function from A’ to the closed interval
I =[0,1], of the real line, i.c., & € T# [8]. For a fuzzy setAin an fs X, cld and 1124 will respectively
stand for the fuizzy closure and interior of 4 in (Xp’F:) [7]. The support of a fuzzy set 4 in & will be denoted by
FuLPA and is defined by SupAL = [x & X 1 A(F) = O A fumy point [7] in & with the singleton
support &+ &= X and the value & (0 *2 & = 1) will be denoted by % . For two fuzzy sets and & in X", we
write A = B if Alx] £ B(x), for allx € X while we write 438 if A is quasi coincident (q-coincident, for
short) with & [7], ie., if there exists # & & such that f-[:-%:: + £i‘[:.'x,:: = L; the negation of these two
statements are written asfl % £ and AFE respectively. A fuzzy set & is called a quasi-neighbourhood (q-nbd,
for short) of a fuzzy setss if there is a fuzzy open setdd in & such that Al =5 &, If, in addition, & is fuzzy
open, then & is called a fuzzy open q-nbd of &. A fuzzy nbd [7] / of a fuzzy point % inan fis X is define in
the usual way, i.e., whenever forsome fuzzy open set # ind%, &, %2 IF 0 J; sl is a fuzzy open nbd of. ife
is fuzzy open, in addition. A fuzzy set 4 in & is called a fuzzy regular open set if Zit# ©lil = A[1]. A fuzzy
point X, is said © be a fuzzy &-cluster point of a fuzzy set# in an fis & if every fizzy regular open q-nbd & of
2 is g-coincident with A [5]. The wnion of all fuzzy O-cluster points of & is called the fuzzy &-closure of&

and is denote by fcid.
1. SOME WELL KNOWNDEFINITIONS

Let us now recall some de finitions from [3] for ready references.

DEFINITION 1.1. A fuzzy set A inan fis X is said to be fuzzy 8-preopen if 4 & int(Feld]).
The complement ofa fuzzy &-preopen set is called fuzzy 4-preclosed.

DEFINITION 12. A fuzzy set 3 inan fis X is called a fuzzy dpre-q-nbd of a fuzzy point &, inX if there
exists a fuzzy &-preopen set ¥ in A such that X gV = A.

DEFINITION 13. A fuzzy point &z in an fis X is called a fuzzy §-precluster point ofa fuzzy set /& in& if
every fuzzy ©-pre-q-nbd of is g-coincidentwith .

The union of all fuzzy &-precluster points of is called the fuzzy @-preclosure of & and will be
denoted by & — A,

Next we recall the definition of &-shading from[6].
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DEFINITION 1.4. Let & be an fts, and #1 be a crisp subset of<f. A collection U of fizzy sets in’ is called an
w-shading (where 0 <ir<1) of & if for each & € A, there & U, EUsuch that U, () % &.Takingd = X, we
arrive at the definition of m-shading of an fis X, as proposed by Gantner etal [6]. If the members of an &:-
shading U of A (or of X) are fuzzy 8-preopen sets inX, then U is called a fuzzy J-preopen &-shading of:£
(resp. of X).

DEFINITION 15 [2]. LetX be an fis and £, a crisp subset of &'. A is said to be ﬂ:-ﬁ'i,-almostconmact if each
fuzzy &-preopen 2%-shading U of A has a finite g, proximate &-subshading, i.e., there exists a finite
subcallection Uy of U such that :ﬁ' = mokd] = U 8U,) is again an &¥-shading ofuw. If, in particular, & =,

then X is called an ot ;f'w-almostcompact space.

2. -ﬁ'; -CLOSED SET ANDITS APPLICATIONS
In this section, we introduce, as follows, a class of crisp sets in an fts.

DEFINITION 2.1. Let (. T} be an fis and 4 & X A point & € X is said to be a ﬁ',:-limit point of & if for
every fuzzy & -preopen set ¥ in X with L) ™ 2, there exists 3 £A%{=} such that
0 — polF)y) = @ The setofall §%-limit points of A will be denoted by (4],

The &5 -closure of A, to be denoted by d§ — €I, is defined by dff —cld = 4 U [A]E..
F

DEFINITION 2.2. A crisp subsetal of an fts & is said to be dif-closed if it contairs all its £3-limit points.
Any subset F of & is called d J-open if X Y B is &5 -closed.

REMARK 2.3. For any 41 € & itis clear that 4 & dF = clA, and 5 — cld = Aiff [4]F &= 4. Then

in view of Definition 2.1, it follows that 4 is rff,: —closed iff ﬁ?}"—‘.'i'.i. =4 . It is also clear that
Aoy = A% C [g]%
F F

THEOREM2 4. A & 7-closed subset A of an &t-§-almost compact space X is &-I -almost compact.

PROOF. Let 4l ( =) be :'f?':‘,"—closed in&. Then for any & & 41, there is a fuzzy @-preopen set Lf, in & such
that U x] > «  and (4= pelU H¥l@ a, for every F €4 . Consider the collection U =
(&, =& & A~ Now to prove that & is &- i -almost compact, considera fizzy d-preopen &-shading V of 4.
Clearly UV is a fuzzy £-preopen e¥'-shading ofZX . Since & is - -almost compact, there exists a finite

subcollection {¢) ¥ v e, B 7 of UtV such that for every £ € X there exists ¥; (1 % L % ) such that
& — pellV (1) > . For every member &, of U, (& — pelll_H¥) = & for every ¥ € &. So if this

subcollection contains any member of U, we omit it and hence we get the result.
To achieve the converse of Theorem2.4, we define the following :

DEFINITION 2.5. An fts [Z.T1is said to be &g Urysohn if for any two distinct points &. ¥ of X, there
exists a fuzzy open set & and a fuzzy & -preopen set ¥ in X with x> e, V(¥) ™ a and
oty (6 = peltiM(z), (6 — peiv (z) ) = @ foreachT € X.
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THEOREM2 6. An 1if-ﬁ'w—almostc ompact setin an ﬂ-ﬂ'ﬁ-Urysohn space ¥ is d:—closed.

PROOF. Let A be E‘C-E.r,p—almost compact and & € & %4l. Then for cach’¥ € 4,% = ¥ By I:‘:—»‘.’ff,i‘,-Urysohn

k3

property of & , there exist a fuzzy open set 4, and a fuzzy J -preopen set ¥, in & such that

Ul o, W03 > dand min{(f = peltf, J(z).(& = pelt?, ) ;z',‘} % 2, forallT€ X .. ().

ThenU={V, : F EL£%:is a fuzzy §-preopen @-shading of # and so by & &,-almost compactness of A, there
are finitely many points ¥ ¥z, s - ¥y in A such that U, = {Ef —FC‘;‘-L{.’.&, v O — p?lli.n} is again an -
shading of . Now &f = I_-}t-,-L i i -LT'I-,-“ being a fuzzy open set is a fuzzy d-preopen set in X such that
U(x) 2+ & In order to showd to be Sg-closed, it now suffices to show that (¥ — pellf){¥1 = &, for
cach ¥ E4A. In fact, if for some =E A, we assume {8 — pellfi{z) 2 = then as =€ &, we have
F—walll Yz @, for some £ (L & & Zn) . Also E:S —FG.EE.T_H._)[,:] 7 & . Hence
jﬂ:‘{':a - Pf':i-f__ak:' (=], EJ"' - Pﬁﬂi\-r}f.z.hlj 2 & contradicting (1).

COROLLARY 2.7. In an &-&-almost compact, &-&,-Urysohn space X, a subset A of X is - -almost
compactiffitis §3-closed.

THEOREM 2 8. In an L‘.—..IP—almostcompact space &, every cover of X by H:—open sets has a finite subcover.

PROOF. Let U={t}, =1 & A} bea cover of & by &g—open sets. Then for each® & X there exists .. €U
such that & € L. Now, as & % &L is -;"I; -closed, there exists a fuzzy & -preopen set ¥ in & such that
Volx = o and (8 — podV)(¥) = ®m, freach¥ EX Y U, ... (1). Then {¥; # x € &} forms a fuzzy
w-preopen i-shading of the '.T.-E‘-almost compact space & . Thus there exists a finite subset {.'-'r'l,.'-'.-z_. - .:-,?}
of & such that {& —j:-'-:‘i._.{q rim1 2 .., }is andi-shading of & ... (2).

We claim that {8 , ., Uy Fis a finite subcover of U . If not, then there exists y 2 X % Wiy I =
.1-1”=:L';'I: -ﬂi'u;r,::: . Then by (1), [:'E‘.'tr —Fﬂ'ﬂ'}‘)[}’: =g for i{wmLZ .. and so

i e L 1 k it Fn
Wi d Fn:'plfxl_]['_fj_»-, &, contradicting (2).

THEOREM 2.9. Let (£, T} be an fis. If& is EI—E.',F-almost compact, then every collection of El’,;,‘-closed sefs in

< with finite intersection property has non e mpty intersection.

PROOF. Let F = {F; = { € A} be a collection of;‘]’_:-closed sets in anT.-‘u-f."w-almost compact space & having
finite intersection property. If possible, let Myeq & = @& Thendd 4 My pFy = Uy ald W) =X=U=
¥ %1 L € A}is and®-opencover of X. Then by Theorem 2.8, there is a finite subset £ of /4 such that
.J‘-ul_ni}f \VPI=] = F""-’*:-F" = ¢k, a contradiction.

3. -:’:l‘; -CONTINUITY AND ITS APPLICATIONS

In this section we finally introduce a class of functions under which Eﬂ-ﬁﬂp—almost compactness remains

invariant.
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DEFINITION 3.1. Let &, ¥ be fis’s. A function £ 3 & = I"is said to be :"l'f-continuous if for each point
% € X and each fuzzy €-preopen set ¥ in ¥ with ¥ E.r'[.x:] 1 = 1, there is a fuzzy &-preopen set & in & with
U(x) = asuchhat & —pelid = F7H(F —pelV).

THEOREM 3.2. If fu X' — is fizzy ;If-contimous (where K. 1" are, as usual, fis’s), then the following

are true :

@ §F ( 1Al EF.} = [ffﬂﬂ&p, foreveryd @ X.

®) [FHANE, = FAlE L forevery & W T

(c) Forecach &§-closed set Ain ¥, f Ay is §E<closed in .
(d) Foreach F.',:‘-open setAin¥F, f-iﬂﬂ:l is &S-open ink.

PROOF.(a) Letx € [A] E;_ and If be any fuzzy d-preopen set in ¥ with HL?‘[:{_]} == 7. Then there is a
fuzzy G-preopen set ¥ inX with V&) = @andd —p<lV < F7HF —pald) Nowx € [A] ’;F and ¥
is a fizzy & -preopen set in X with Vix)m = §—pell{x,) i x for some
g CAVE: W @ §— el (my) 2 (F N8 — pall)) (xy) = (§F — pell}f(x)  where
Flayl € FLAIN [Flxl] = fix) € [Fl4)] EF' Thus (a) follows.

W By (o), FLLF (&5, | = [Fr*a0]g, = [Alf, = [FA)), = £ (a5,
(©) We have [4] gﬁ = A ) By (b),

FUHANE & F(AlE) = FUA) = FUANE = FA) S FUAD b S-closed in

=r
e,

(d) Follows from (c).

THEOREM 3.3. Let X, ¥ be fis’s and F ' X = ¥ be fuzzy EI; -continuous. If fl*: .]f__.‘is &-{_ -almost

. AT .
compact, then so is F L1} in 2.

PROOF. Let V=1F; =1 = i} be a fuzzy §-preopen tt-shading of #1,4], where £ is tﬁ-fﬁ

set in X, For cach € A, 7{x) € F[A) and so there exists ¥, €V such that 7, Efl.'l.i‘é.] 3 = €. By fuzzy

-almost compact

&y -continuity of £, there exists a fuzzy & -preopen set U in X such that I_[«) ** w and
F8 =peli Vg & =poll Then{lf, = x & X}is a fuzzy €-preopen t-shading of 4. By ot-£-almost
compactness of A , tere exist finitely many points @gsfyrees, in A such that
{5’ —meill, 16 =12, ...,ﬁ]—is again an f-shading of #. We claim that«f _Fl:l-l:l‘rﬁ'l rr =L, 2 M)

is an Y-shading of F LA}, Infact, ¥ € FULAL = there exists & € & such that ¥ = FixT Now there s a f.f,.l.
(for some fle ) < R:I such that {ﬂr - FGLI-‘E:;_-] fi't’-:: ¢ and hence

(F—put, )0} =7 (5 ‘FG'iU.:jj (3) & G—putlly ()=
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We now define a function under which g-closedness of a set remains invariant.

DEFINITION 3.4. Let& ¥ be fis’s. A function F =& =+ ¥ s said to be fuzzy €-preopen iff(ﬂ:.( is fizzy
£_preopen in ¥ whenever-4 is fuzzy J-preopen in &',

REMARK 3.5. For a fuzzy fjr—preopen function f =& = ¥ every fuzzy ar-preclosed st ind, ff.rﬂ is
fuzzy d-preclosed in ¥.

THEOREM 3.6. If f # (&, T, — (Y, T4] is a bijective fuzzy d-preopen function, then the image of a ﬁ',:—
closed setin [X. T} is ﬂg-clmed in(Y.7. 7.

PROOF. Let & (%= X ) be a Ei': <closed set in (A.ts and lety & I JFi#;. Then there exists a unique
I £ X such that f{x!_. =¥ AsF ¥ fiﬂ:]rﬁ £ A, Now, & being ﬂ';‘—closed in X, there exists a fuzzy <

preopen set ¥ in X such that ¥ (=) =x wandw — prll () = w foreachp €4 ... (1)

As fis fuzzy 8-preopen, F{V} is a fizzy &-preopen set in ¥, and also (F(F)}H(#) = ¥(z) = ar. Let
% £ F{A). Then there is a unique ¥y € A such that FLE,) = £ As Fis bijective and fuzzy &-preopen, by
Remark 3.5, J = ool (V) 22 Fi = 1ol , Then
ﬂ' — et ::[‘r:lj[:l'] L Fil—pedV)() = F — ped¥ () £ w by (1) Thws ¥is nota &3-limit p oint
of Fl&). Hence the result.

From Theorem 3.2(c) and Theorem 3.6, it follows that

COROLLARY 3.7.Letf # & = ¥ be a fuzzy 5 -continuous, bijective, &-preopen function. Then &+ is &g-
closed in ¥ iff £ (A} is d%-closed in .
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