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1. Introduction:

In recent years Fourier analysis is one of the most frequently used tools in signal processing and is used in many
other scientific disciplines. In the mathematics like nature a generalization of the Fourier transform known as the
fractional Fourier transform was proposed some years ago [1], [3]. Eventhough potentially useful for signal
processing applications, the fractional Fourier transform has been independently reinvented by a number of
researchers.

It had briefly introduced in [1] the fractional Fourier transform. He discussed the main properties and presented the
new results including the fractional Fourier transform. Also represented simple relationship of the fractional Fourier
transform with several time frequency representations that supports the interpretation of it as a rotation operator.

Fiona H. Kerr [2] had defined the fractional Hankel transform with parameter a of f(x) denoted by
H, f(x). Following [2], we define the fractional Hankel type transform with parameter a of f(x) denoted by
H, f(x) perform a linear operation given by the integral transform,

[Ho £ 0) = [ £ K Co)
0

where
a+p
_byzy2 a xy xy
K, (x,y) = Aa,ﬁ,a e 2 (P )COS(Z) | - a| ]UC—B | . a
sin- sin-
2 2
=68(x—y) fora=0 & a=2m,
and

T

ay; 2z (", 2
T = )

a = sgna,

f € L? (RY), a €R, and (a — ) > —1.
The above fractional Hankel type transform is the generalization of the Hankel type transform
H(f () = [ Cey)™F £ () Juup (xy) dix (1.1)
for the parameter a = m, the fractional Hankel type transform reduces to the above Hankel type transform.

The present paper is organized as follows. Section 2 presents the fractional Hankel type transform with
parameter a in the sense of generalized function and its interpretation as rotation operator. In Section 3, we give
some useful properties of kernel. Inversion formula for this transform is derived Section 4. Section 5 lists some
operation transform formulae for the fractional Hankel type transform. Some properties of fractional Hankel type
transform are proved in Section 6. In Section 7 we give fractional Hankel type transform of some simple functions,
lastly Section 8 concludes. We follow the notations and terminology used in Zemanian [6].

2. Fractional Hankel type transform in the generalized sense:
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2.1: The testing function space E: An infinitely differentiable complex valued function i on R™ belongs to E (R™)
or E if for each compact set P c S, where

S,={x € R", x| <a, a > 0},

Ppi (W) = Sup|D¥ P ()| <o ,kEN

x€p
Clearly E is complete and so a Frechet space.

Moreover we say that f is a fractional transformable if it is a member of E' (the dual space of E).
2.2: The generalized fractional Hankel type transform:

It is easily seen that for each x € R™ and 0 < a < 2m, the function K, (x,y) € E as a function of x. Hence the
fractional Hankel type transform of f € E' can be defined by

[Hof ()] ) = Hy ) = (f(x), K, (x,7)), (2.1)
where
a+f
Ka (x’ y) — Aaﬁa e—%(x2+y2)cot (%) Xy ]a_ﬁ ﬂ
w sing| |sing|
2 2
=6(x—y) fora=0 & a=2mn (2.2)
and
a7z (Ta A
Agpa = |sz| ¢lGa3) Gath) g =sgna

then the right hand side of (2.1) has a meaning as an application of f € E'to K, (x,y) €E.
3. Properties of Kernel:

The Kernel K, (x, y) given in (2.2) satisfies the following properties,

K, (x,y) = K, (v, %)

K_o (x,y) = K} (x,y), where' =’ denotes the conjugation

K, -x,y) = K, (x,—y),

For a = m, the kernel coincides with the kernel of the Hankel type transform given in [6].

K, (x,0)=0

K, (0: J’) =0

fO Ka (.X, J’) Kb(y! Z) dy = Ka+b (X, Z)-

Proof : First six properties are simple to prove and hence their proofs are omitted. We prove the last property.

oo

L.HS.= f K, x,y) K, (y,2) dy
0

N o g sdwDdhRE

a+p
—i(xz cot2+ 22 cotg)
2 2

= AgpaAapp ez

Xz

.. a . b
Sin—| [SIn—
2 2
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% foooye_ziy (cot +cot - )]a 8 ( |> ]a 8 <| xy ) dy (31)

Let us

where A = (cot §+ cot g) , X =

f e | 5(0,) Juup (z,y) dy =
0

sm—|

first evaluate

e” 4 | 5 03 Jap (2,y) dy,

o—0
<

X _ zZ
;Z1_

. a b
in— =
|S > |sm2|

f @) Y oy ) Jap (21)

0
—(a+p) J oo

= 4 ’
! x cos(Ay?)dy — i f (z,y)**E yotb Ja—p 1Y) Ja—p (z1)
0
% sin(Ay?) dy
_ 1 ] XZ
(cot 24+ cot E) “h |sin3| |sin2| (cotg + cot E)
2 2 2 2 2 2
2 2b

z SlTl —+X SLTI 5

i
X e [(sm 224 5in? )Z(COL'—+ cot—)
Equation (3.1) gives,

2 (3a+B) ’2—’]

a+p

XZ _i 2. .a 2 b
e Z(x cot>+z cotz)

L.H.S= Agpadapp . a . b
|Sln;Sln;|

1

(cotE + coté)
2 2

XZ

X

(cot% + cot 2)

b
z%sin? —+x smz -

.. a . b a b
|sm—sm—| (cot; + cot ;)

x el

- (Ba +B)

(sin2 2+ sin? 2) 2 (cot + cot— )
2 2
After some straight forward steps, we obtain,

a+p

L Hs = |sin<a+b) ~(@+h) e( (a+b-1)- (a+b)>
oo g e e
a+p
_ __( 2) ( +b) Xz Xz
Aegan 2N Clemy )| ey

= Kgup (x,z) =R.H.S.
4, Inversion formula:

In this section we derive inversion formula for generalized fractional Hankel type transformation.
It is possible to recover the function f by means of the inversion formula.

[ee]

f0) = [ Ko G Ha 0 a,

0
where
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a+p

- _ i a xy xy
K G0y) = Aypae? (x2+y?) cot(2) . ﬁ Jaeg

2 [sin]

and K, (x, y) is complex conjugate of K, (x, y).

Proof: The one dimensional fractional Hankel type transform is given by

[Ho fOO] ) = Ha ) = [ Ko (,7) f()dx @)

where the Kernel,

atf  .m i
Ko (6,y) = |sin %l ¢!G5) Garh) =3 (e +y%) cot 3
a+p
X X
X ]a—[f .ya .ya
|Sln_| |sm—|
2 2
a+p
L (x249y2) cot & X x
=Agpae? (x%+y )COtzja—B Xy Y

[sing] ) \Jsin]
sin—- sin—
2 2
Lezip2) o
= Aa,ﬁ,a ez(x i ) 2a ]a—ﬁ (Cla xy) (Claxy)“"'ﬁ )
1 a
where C;, = fond] Cyq = —cot

therefore from (4.1),

)

L
e 2)’ Caa Ha (y) = f g(x) ]a_ﬁ (Cla Xy) (Cla xy)(l+ﬁ dx
0

= Ha [g()] (), wheren = Cpy
= G(n) (say) , where g(x) = Agpq €™ 2 f(x) 4.2)
_i'yZ Cqa

ez H, (y) = H, [g(x)] () = G(n) is the Hankel transform of g(x) with argument n .
Involving Hankel inversion we can write,

[oe]

9@ = j GO Jamp Con) )™+ |
where ’

i 2
G = e 2% () He (cim)
Putting the value of g(x) from (4.2) and on simplifying, we get inversion formulae,
fG) = J; KaCe/y) Hy () dy, where
a+p
i a X X
Ka(x; J’) = Aa,ﬁ,a ez (*45%) COtE]a—ﬁ —ya —ya
|sin §| |sin §|

and
- a,x+B [(a T,
— e -i(3-2a) Ba+p)
Agpa = |smE| e~iG54) Garp)
5. Generalized operational relation of fractional Hankel type transform:
As is well known an operational calculus can be used on the usual Hankel type transform, we derive an operational
relations involving first derivatives and operational relations having second derivatives.

5.1: Operational relations involving first derivatives:

We derive operational transform involving H, (%) obtained by inserting %, instead of f(x) in the integral
representation (2.1), we then integrate by parts,
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. a+p
df _i2,,.8 L B 5% xy \df
H (_)] = A y<cot f cot 7 _ ERACANE Rt d
[ % \dx 2 @pa® ? et |sin5 Ja-p |sini ax “*
2 2
atf
y —x2cot 2 xy
Jsing f“xm *x Jap| T3
sm—| |51n—
2 0 2
© a+p
a a a x
= —Agpa€ 2ot 1 X fdx + fe z¥icoty (—ixcot —) _ya Ja—p _ya fdx ¢
5 2 |sin— |sin—
2 2
. a+p
o fetret () (2, (),
|sin—| |sin— |sin— x
0 2 2 2
. a+p
f . a f ——iy cot2 LY P Xy Xy
= —H, (—)+Lcot—Ha(xf)+(a—B)Ha (—)—Aaﬁaez 2 2 2
2x 2 X |sm3| |sm—|
0 2
Xy
$ Japa (ﬁ) e
After some straight forward steps, we obtain,
daf 1
Ho ()= -2 H, () + icot & H, (xf) - i ng| H, (f) 5.1)
2
is the operatlonal relation involving first derivative in (5.1) replace f by fx , —x ->f + glves
ay - 3 a 2py_ Y
H, (x dx) = =3 Ha (f)+icot . 2 H, (x%f) |Sin%| H, (xf). (5.2)
Replacing f byf in (2.2),
df 1df f
— ﬁ — — —
dx x dx x?
gives
1ary_ 1 L
HG(ZE)_ZH‘I( )+lCOt H, (f)— | | (x) (5.3)

5.2 : Operational relations involving second derivatives:

We now calculate second derivative H,, ( ) by msertlng |n place of f in the equation (5.1), we obtain
d*f 1 1df df y df
Ha (E) =~ Ha (5 ) + oty Ha (v ) - [sin] Ha ()
2

b () 2 (D) P g

2 a .
4 X |sm— X |sm—
2 2

2 .
a y i a
—cot? (=) H 2 — —cot= | H .
co (2) a (fx )+ (sinzg 2 co 2) a (f)

6. Properties of fractional Hankel type transform:
We prove the following properties of fractional Hankel type transform.

(o md] N s b
s\ |\ gz oot
Ag Aapa |sm—| |sm2
Ho[f(0)] = e :

CAy a,B.b
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y |sin§|
X Hb f(x) ; | . al ]’
Sin—
2
where cot2 = izcot2 .
2 c 2
Proof:
. a+p
[f(0)] = ff(x)A aBa € z(x +y )cot 'ya
Sin—
0 2
Xy
X ]a—ﬁ ..a dx
|sm—
2
2 “ a+p
o —=(=+y?)cot= ty _y |4
= fO f(t) Aa,ﬁ,ae Z(C ) ’ <c|sing|) ]“_B (C |sing|> ¢’
> 2
where t = Cx
b
= :[,’a ff(t) Aapp e 2 TG 2y?+z%-z%) cot;
c a,f.b
a+ﬁ in D
tr tz y |Sll’l;|
<\ =57| Jas de, where 2= el
|sin—| |sin—| ¢ |sin—|
2 2 :
2
_i 2 ﬂi‘— coté in2
Aaﬂa |sm—| ’ y|51 ;|
i Hb [f(X)] a ’
P a'ﬂ'b c |sin;
|sm—| |sm b
0 . b
Aa,ﬂ.a 2<c2 sin >< -22 c2>co z y |sz|
_ Aaga P\ A\ ot Hy [fF@] | o1
Aopy c |sm;

1. H, (ez f(x)> - Aaﬁa __y COtaH (f(x)) (Ism al)

Proof of the above result is simple and hence omitted.
7. Transform of some common functions:
The Hankel type transform of some common functions are proved.

Result 1:
—(a+p) a m.,
Sx—1)= |Sln_| l(z a) Ga+p)—3(t+y?) cot §
a+p
Ty Ty
“ e \fnd]) \Find]
Sin— Sin—
2 2
Proof is simple and hence omitted.
Result 2:
2a
() (2a)
i a sin - % /8n
H, [xZa e—nxz] = Aa,B,a e_EyZ cot 5 (én)z’Ja+ﬁ e |5m5| '
Ren >0, Re (a —B) > —1.
Proof:
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[ee)

a2 __i 2 tg _i 2 tg a2

Ha [xZae nx ]= Aa,ﬁ,ae Zy-cots e 2¥ oty y2a p—nx
0

X (xy,)*tF Ja-p (xy1) dx,

y

. a
sin—
2

’

y1=|

i a
— Aa,ﬁ,a e—;yz cot; f x2a e_BXZ(xyl)a+ﬁ]a—ﬁ (xyl) dx,
0

B = +i ta
=n+-coty

: / _<W) e‘(HTaf/B”\
\(211)2‘”3 ' /

_t2
— Zy cot

ap.a

a+B Lyzcord Lx2cotl a+p
H, []a_ﬁ (nx) x*+F| = Aypa €2 2 ez 2 x%*FP Jo_p(ax)
0

n Lyzeord Ly
H, []a_ﬁ(nx) x**F| = Agpae 2 z | ez
0

Xy
X Ja-p \ T—ay | 9%
|sm;
T. al Aa,[?,a e
—i ! x%+F (xy)@*F sin <1cotg xz) Jouep (nx)
ya+ﬁ y 2 2 a-p
0
Xy
X Jaep | 71 | &
|sm;

a+p

‘%2 cot 2 a+p
2x%*F Jo_p (nx)

a+p
Xy Xy

... a
|sm—|
2

[oe]

1 1 a
" j x®*F (xy)**F cos (E cotz x2> Ja-p (1X)
0

2

2_ y
: <|—sm%|>

-] ——F

_(a-B)m
a
= 2
ZC()C2
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Result 4:

LW LN B 1
Ha [xlezx cot2:|= aﬁa-e 2y cot2.2}L+2
-A-1
A 3a+
y r(z+*%)
Y 2’ 2 )
. a A '
|sm—| F(a——)
2 2

Proof of the above result is simple and hence is omitted.
8. Conclusion :

We have introduced an extension of Hankel type transform that is designated fractional Hankel type

transform. This linear transform depends on a parameter a and can be interpreted as a rotation by an angle a. When
a = m, the fractional Hankel type transform coincides with the conventional Hankel type transform. Inversion
formula for this transform is also established. We derive an operational relation for first and second order
derivative for fractional Hankel type transform. Some properties of the fractional Hankel type transform are given
which coincides with corresponding properties for Hankel type transform in special case. Fractional Hankel type
transform of some simple functions are also obtained.

Remarks:
1. If we set a = i +§ , B= i—g throughout this paper, it reduces to results in [5].
2. Author claims that the results in the present paper are more general than that of [5].
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