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1. Introduction : The space LZ.B' 1 < p < oo, consists of all those measurable functions ¢ onI = (0, o)

such that

o 1/
gl = (1P dv() " < o=, (11)
where L7, 5 denotes the space of those functions ¢ for which
lpll,» = ess€u.b [p(x)] < oo. (1.2)
a,f x€l

Note that

4

_ y
W) = e V- (13)
The Hankel type transformation of ¢ € L, () is defined by
(hap ¢) ) = JJ Jamp (9) 6O dv(y), x €1, (1.4)
where

Ja-p () = x~(@=h) Ja—p (x) and J,_p (x) represent the Bessel type function of the first kind and order
(a —pB).

Throughout this paper we shall assume that (@ — ) = — 1/ 2.

Since z~@=A)j p(2) is bounded on I, the Hankel type transform h, 3(¢) is bounded on I. The inversion for
(1.4) is given by

80 = I Jamp () (hapd) () dv(x), y €L (1.5)

G. Altenburg [1] introduced the space H that consist of all those complex valued and smooth function ¢
defined on /, such that for every m,n € N,.

P (P) = 512119 (1 +x2)™ (1 D)™ p(x)| < oo, (1.6)

when H is endowed with the topology associated with the family {pm,n}mn <y, Of seminorms, H is a Frechet
d 0

space and the Hankel type transformation h, s is an automorphism of H, [1]. The Hankel type transform is
defined on H’, the dual space of H, as the transpose of h,z on H and is defined by h;, . That is if f € H',
then the Hankel type transform hy, 5 f of f is the element of H" defined by

(hz,x,ﬁf'(p): (f,ha,ﬁqf’). ¢ €EH.

Iff € LZ’ P then f defines an element of H' through

(f.9)=["fx) g @ dv(x), g €H. (1.7)
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Thus, L?, p can be seen as a subspace of H'. The convolution associated to the h, g — transformation is

defined as follows:

The Hankel type convolution f #, 5 g of order (@ — f8) of the measurable functions f,g € L}Z‘B(,) is given

through
(fHapg) @ =17 FO) (4p7x 9) P v (),

where the Hankel type translation operator , 47, g of g is defined by
(apTe 9) @ = [ 9(2) Dog (x,y,2) dv (2)

provided that the above integrals exist. Here D, ; is the following function
Dap (69,2) = [} jacp () Jaup 1) juup (2t) dv ()

and we have the following basic formula

fowja—ﬁ (Zt) Da,B (x: Y Z) dv (Z) = ja—ﬁ (Xt) ja—ﬁ (yt) :

Lemma 1.1: Let f and g be functions on L}x’ﬁ (D), then
0) (hap (aptef)) )= Jarp @) (hap £) O,
(ii) (hap (F #ap 9)) O) = (hag £) ) (hap 9) ).

Proof: (i) As (a_ﬂ‘rxf) )= fooof (2) Do (x,y,2) dv (2) .

We therefore have

oo

(hes Cage) @) = [ g 00 () @ av ©

0

oo

0
=y f@adv @) J; ja-p &) Dap (x,t,2) dv (0).

Using (1.11), we have

(hep (apte) @) = [ F@ urp @)y ) v )
0

= Jes @) [ Jucp @) F@ v @
0

= [Jes G0 @ [ 1 @ Doy Gt v )
0

(1.8)

(19)

(1.10)

(1.12)
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= ja—[{ (XY) (ha,ﬁf) ()’) (1-12)
(ii) Proof follows from [5, p.339].
Thus proof'is completed.

2. The Space H,, : Following G. Bjorck [4], we consider continuous, increasing and non-negative functions
w defined on I, such that w(0) = 0, w(x) > 0 and it satisfies the following three properties :

Hwx+y) <w®) +w@), x,y €1 (21)
(ii) ;" 25 dx < o (2.2)
and
(iii) w(x) = a + blog(1 + x), forsomea € Rand b > 0. (2.3)

The class of all such w functions is denoted by M. Note that if w is extended to R as an even function then
w satisfies the subadditivity property

(i) for every x,y € R.

A. Beurling [3] developed the foundations of a general theory of distributions that extends the
Schwartz theory. Some aspects of that theory were presented and completed by Bjorck [4]. Now we collect
some definitions and properties for the purpose of the present paper.

A function ¢p € L}z_ﬂ () is in H,, when ¢ is smooth function and every ,n € N,

Mmn (@) = Supe™¥® |(x~ D) p(x)| < oo. (2.4)

x€l

On H,, we consider the topology generated by the family {1, »} of seminorms. H,, is clearly a linear

mn € Ny
space. Following [2], we conclude that H,, is a Frechet space. For,

w(x) =log(1 + x?2) it reduces to H and for w(x) = xP(0 < p < 1), H,, is a Gevrey space. From definitions
(1.6), (2.4) and the inequality (1 + x?) < e¥®), it follows that H,, € H.It is clear that D(I) c H,, (I) c
E (I). Since D (1) is a dense subspace of E(I), then H,, (I) is dense in E(I). Hence E'(I) c H,, (I) the dual of
H,, (). Since H,, c H the following properties given in [2,5] hold in the present case also when w € M. The
Bessel type operator defined by

Ayp= x~**Dx** D = D*+ 47a D.
By an application of Bessels equation for t fixed, we have
Dyp ja-p (Xt) = —t? ju_p (xt).
Theorem 2.1: (i) The Hankel type transformation h, ; is an automorphism of H,,,.

(ii) The generalized Hankel type transformation hy, ; is an automorphism of Hy,.
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Proof: Here we prove (i) first and (ii) can be proved in a similar way.

As Hankel type transformation H,, s is defined by

(Hap ¢) @) = J, G Jop () d(y) dy, x €1, (2.5)

we have

oo

(hep ) @ = [ Jug () 6 ) v )

0

= somiamg Jo NP oy v) & 0) v dy

. o
= @ FTGat ) Of(xy)(‘”ﬁ) Jamp (y) ey)?P7 ¢ (y) y** dy

oo

1
-1 j N Jo_g () (2% ) () dy
0

= e— xZ
29-BT(Ba + B)

1

= 20BrGatp) X~ Hep (v?*) (x) (2.6)

Using relation (2.6), we have
(1 +x)™ (71D (hyyp ¢) ()

2\ym 1n\n ZB 1 2a
= Gy (L +H*)™ (71D) Hop (v2°0).

Following technique of Zemanian [9, p.141], we can write
(1 +x)™ [(x7D)" (hayp ¢) (0]

_ 1 f°° (1 +y2)2(a—ﬁ)+m+2n+1(y—1D)n yzﬁ—l
298 rGa+p) |0 x (y34 ) () [y) @ P Jy_piman )] dy |

From (ii) it follows that to every € > 0, there exist a constant c(¢) such that

w(é) < €&+ c(e) ,sothat

evW®) < gve© Z (VE) §m < eve® Z (v;l),m (1+&m
m=0 '

Now, for any choice v and n, we have

Nvn (ha,ﬁ ¢) = 5;:? e¥ W(§)|(f_1D)n (ha,ﬁ ¢) ('f)'
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< Supev<© Z (”E)! (1 + 27| 1D) (he s ¢)())]

el m
. (ve)m 1
m! 29 BTBa + p)
< Supev<® o m=0
fel

X f (14 y?)2la-premezntl (y=1p)m ¢(y) [(Ey)~ @ [, gimin (Ey) dy]
0

Since
1

P Gah) (y) @B | pimen (§Y)is bounded by Q, 4, for (a — B) = —%, so that

m
(VE)I Sup(l + yZ)Z((x—B)+m+2n+2
m yel

nv,n (ha,ﬁ¢) < Qa,ﬁ eVC(E) Z
m=0

dy
1+ y?

X |y~ D)™ ()l
|

< Qg eve® Z (V;L)! V2 (a -B+M/y+n+ 1),m(¢>)) < oo,
m=0

as infinite series can be made convergent for m > 1, by choosing

1/m

e <vi(pla—B+m/2+n+1),m(@) .

This proves that (ha,ﬁd)) is also in H,, and that h, z is continuous linear mapping from H,, into itself. Since
H, c L}w (D) for (¢ — B) = —1/2,we can apply inversion theorem and also the fact that h;}; = hgpto

this case and conclude that h, z is an automorphism on H,,. Thus proof is completed.

Now the generalized Hankel type transformation h ; on H,, is defined as adjoint of h g on H,,.

More specifically, for any ¢ € H,,and ¢y € H,, we have
(hlll,ﬁlzbi d)) = (lp: ha,ﬂ d))
3. Product, Hankel type translation and Hankel type convolution on I:

We shall denote by A, the space of all C* function ¢(x) ,x €I, and thatm € N, and there exists a1 =
A(m) € N, for which

e M@ (x D) p(x)| < oo (1)
Here A is the space of multipliers for H,,,.
Theorem 3.1: If ¢, v € H,(), thenpy € H,().

Proof: For k,n € N, we have by definition (2.4)
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Nien (@) (x) = Sup e |(x 1D p(x) Y.
X €
Using Leibnitz theorem, we have

Min (PP) (%)

> () G D G DY Y

v=0

- Z (:) Sup e |(x D)"Y p(x)]

x €1

Suerl) (x~'D)" Y (x) ‘

= () s 66 100 92 <

Hence ¢y € H,, (I). This completes the proof of theorem.
Theorem 3.2: The mapping ¢ +— , 47, ¢ is continuous from H,, into itself.
Proof: Let ¢ € H, (I). Thenh,z ¢ € H,, (I). By Lemma 1.1(i), we have

has (apte) O) = Jarp (9) (hap ¢) B).
Now we show that

Ja-p (xy) € Ap,.
We have
@Y™ (Joug ) = 7 DI™ ()P Joy (x9))

= (D™ x?™ (xy) @B g ().
|y—tD)m Ja-p )| < Qqp X5™, so that there exists 1 > 0 such that
le=2w®) (y=1p)ym fap (xy)| < oo, foreveryx € I.

Here j,_g (xy) € A, for fixedx € I. But (ha‘ﬁ ¢) (y) € H,, then j,_p (xy) hep ¢ (y) € H,,. Since hyp is
an automorphism of H,,, we have , 7, ¢ € H, and the mapping ¢ +— 7, ¢ is continuous from H,, into

itself.
Theorem3.3:1f,g € H, (I),then f #,,9 € H, (I).

Proof: By definition (2.4), we have
Nk (ha,B (¢#a,ﬁ lp)) (x) = STé}; ekw® |(x_1D)n ha,ﬁ (¢ #a,ﬁ l/))|
X
Using Lemma 1.1 (ii), we have
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Mn (R (9 #ap 9)) () = Sup e [72DY" (ke @) () (ha 1) G0

xX€l
n
v=0

(5) s (hap 90 s (e () <

I
NgE

4

0

= sup e 3" (7Y | D)"Y (h $)0) (DY (e ) )
v=0

) Sup e |G IDY (g @) [Sup D) (e 9)C0)|

Hence h, 4 (¢ #ap ¥) € H,, (I). Since he p is an automorphism of H,, (I), we have ¢ #, 59 € H,, (I).

Thus proof'is completed.
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