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ABSTRACT

AMS Subject Classification [2000]: 47H10,54H25,46J10, 46J15.

The purpose of this article is to generalize the result of W. Sintunavarat and P.
Kumam [29]. We also give an example in support of our theorem for which result of
W. Sintunavarat and P. Kumam [29] is not true. Moreover we establish the existence
and convergence theorems of coupled best proximity points in metric spaces, we

applied this results to a uniformly convex Banach space.
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1.Introduction and Preliminaries
The metric fixed point theory is very important and useful in mathematics. It can be applied in various areas to
find the solution, for instant, in computer science, optimization, approximation theory, image processing as well
as in economical problems. The first result of fixed point theorem is given by Banach S. [4] by the general
setting of complete metric space using which is known as Banach Contraction Principle. There are many
researchers generalized this contraction principle in different directions, refer to [2],[9],[10],[24],[33],[34],[40].
In 1969, one of the most beautiful generalization of Banach contraction principle [4] is presented by Fan [12]
which is known as best approximation theorem.
Theorem-1 If A is a nonempty convex subset of a Hausdorff locally convex topological vector space B and
S: A — B is continuous mapping, then there exists an element x € A such that d(x, Sx) = d(Sx,A).
The concept of coupled best proximity point theorem is introduced by W. Sintunavarat and P. Kumam [29] and
proved coupled best proximity theorem for cyclic contraction. It should be clear that we can find a best
proximity point in place of fixed point, if the fixed point does not exist. This best proximity point is very close
to the fixed point. If this distance is equal to zero then the best proximity point is called fixed point. Here one of
the two things is important for best proximity point either distance must be equal to zero or very near to zero. If
this condition is not satisfied then the point is not a best proximity point. In this condition we move to find ICS
function which provides the distance must be close to zero. So our purpose of this article is to generalize the
result of [29] also we give an example in support of our main theorem.
Now we recall some basic definitions and examples that are related to the main results of this article.
Throughout this article we denote by N the set of all positive integers and by R the set of all real numbers. For
nonempty subsets A and B of a metric space (X,d), we let

d(4A,B) = inf {d(x,y):x€ A and y€ B}
stand for the distance between A and B.
A Banach spaces X is said to be

i strictly convex if the following implication holds for all x,y € X:

x+y
2

lxll=llyll=1and x# y =

||<l.

ii. uniformly convex if for each e with 0 < € < 2, there exists § > 0 such that the following

implication holds for all x,y € X:

lxll< Llyll€ 1 and |lx — yll=e=>

er—y||<1—6.
2

It is easy to see that a uniformly convex Banach space X is strict but the converges is not true.
Definition-2 [41] Let A and B be nonempty subsets of a metric space (X, d). The ordered pair (4, B) satisfies
the property UC if the following holds:
If {x,}and {z, } are sequences in A and { y, } is a sequence in B such that d(x,,,y,) —» d(4, B) and
d(z,,y,) » d(A, B),thend(x,,z,) - O.
Example-3 Let A and B be nonempty subsets of a metric space (X, d). The following are examples of a pair of
nonempty subsets (4, B) satisfying the property UC.

i Every pair of nonempty subsets A,B of a metric space (X,d) such that d(A,B) = 0.

ii. Every pair of nonempty subsets A,B of a uniformly convex Banach space X such that A is convex.
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iii. Every pair of nonempty subsets A,B of a strictly convex Banach space which A is convex and
relatively compact and the closure of B is weakly compact.
Definition- 4[39] Let A and B be nonempty subsets of a metric space (X,d). The ordered pair (A,B) satisfies the
property UC* if (A,B) has property UC and the following condition holds:
If { x,} and { z,} are sequences in A and { y,} is a sequence in B satisfying:
i. d(z,,y,) = d(A,B)
ii. For every e > 0 there exists N € N such that
d(x,,.y,) < d(A,B) +¢€
forallm > n> N.
Then for every ¢ > Othere exists N; € N such that
d(x,,,z,) < d(A,B) +¢€
forallm > n > Nj,.
Example-5[39] Let A and B be nonempty subsets of a metric space (X,d).
The following are examples of a pair of nonempty subsets (A,B) satisfying the property UC*.
i Every pair of nonempty subsets A,B of a metric space (X,d) such that d(4, B) = 0.
ii. Every pair of nonempty closed subsets A,B of a uniformly convex Banach space X such that A is
CONnvex.
Definition-6 Let A and B be nonempty subsets of a metric space (X,d) and S: A — B be a mapping. A point
x € Ais said to be a best proximity point of S if it satisfies the condition that
d(x,Sx) = d(AB).
It can be observed that a best proximity point reduces to a fixed point if the underlying mapping is a self
mapping.
Definition- 7[13] Let A be a nonempty subset of a metric space X and F: Ax A — A.Apoint (x,y) € A X
A is called a coupled fixed point of F if
x = F(xy) y= F(yx)
2. Coupled best proximity point theorems
In this section we study the existence and convergence of coupled best proximity points for cyclic contraction
pair.
Definition-8 Let (X,d) be a metric space. A mapping T: X — X is said to be ICS if T is injective, continuous and

has the property: for every sequence { x,,} in X, if{ Tx,} is convergent then { x,,} is also convergent.

In this paper we give some coupled best proximity point theorems for mapping having the mixed monotone
property in partially ordered metric space depended on ICS function, called T-cyclic contraction which is
generalization of the main results of W. Sintunavarat and P. Kumam [29].
Definition-9 Let A and B be nonempty subsets of a metric space Xand F: Ax A — B.
An ordered coupled (x,y) € A x Ais called a coupled best proximity point of F if,

d(x,F(x,y)) = d(y,F(y,x)) = d(4,B).
It is easy to see that if A = B in Definition-9, then a coupled best proximity point reduces to a coupled fixed

point.
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Next,W. Sintunavarat and P. Kumam [29] introduced the notion of a cyclic contraction for two mappings which
as follows.
Definition-10 Let A and B be nonempty subsets of a metric space X, F: Ax A - BandG: Bx B — A.The
ordered pair (F, G) is said to be a cyclic contraction if there exists a non-negative number &« < 1 such that
d(F(¢y),6wv)) <7 [dexw) + d,v)] + (L — a)d(4,B)

forall (x,y) € Ax Aand (u,v) € Bx B.
Now we introduced the following notion of T-cyclic contraction for two mappings which is generalization of
[29] as follows.
Definition- 11 Let T be an ICS mapping such that T: X — X and let A and B be nonempty subsets of a metric
space X, F: Ax A - BandG: Bx B — A. The ordered pair (F,G) is said to be a T-cyclic contraction if
there exists a non-negative number @ < 1 such that

d(TF(x,y), TG (u,v)) < g [d(Tx,Tu) + d(Ty,Tv)] + (1 — «)T(d(4,B))
forall (x,y) € Ax Aand (u,v) € Bx B.
Note that if (F,G) is a T-cyclic contraction, then (G,F) is also a T-cyclic contraction. Also if we take T be an
identity mapping in Definition-11 then we get Definition-10.
The following example shows that Definition-11 is the generalization of Definition-10.

Example-12 Let X = R with the usual metric d(x,y) =1 x — y| andTx = x + lalsoA = Eg] and

B = [—g—%] It easy to see that d(4,B) = 3. DefineF:Ax A - BandG: Bx B — Abhy

x-y+1
4

F(x,y):x_z_7 and G(x,y) =

For arbitrary (x,y) € Ax A,(u,v) € Bx B andfixeda = % we get

X-y -7+4 u-v+1+4
4 4

d(TF(x,y), TG(w,v)) =

ey
< lmutiyon

= g[d(Tx,Tu)+ d(Ty, Tv)] + 1 —
a)T(d(4, B)).
This implies that (F,G) is a T- cyclic contraction with @ = %
The following lemma plays an important role in our main results.

Lemma- 13 LetT: X — X bean ICS mapping also A and B be nonempty subsets of a metric space X,
F: Ax A - BandG: Bx B - Aand (F,G) be a T-cyclic contraction. If (x,,y,) € A x A and we define
Xpe1 = FOuy), Xpeo = G(yiq, Yned)

Yne1 = FOniXn), Ynez = GOngr X))
forall ne Nu{0},thend(x,,x,.1) = d(4,B),d(xXp+1,%n42) = d(4,B),d(y,, Yni1) = d(4,B) and

d(yn+1ryn+2) - d(4,B).
Proof: For each n € N, we have

d(Tx, Txny1) = d(TF(x ). TG (py, V1))
< < [d(Tx, Txpoy) + d(Ty Tyl + (L -
a)T(d(4,B))
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Similarly we have

AT Y, TYns1) = A(TF Qi) TG (1, %n 1))

<2 [d(Tyy, Tyn-) + d(Tx,, Txp )] + (1—

a)T(d(A,B))
Therefore, by letting

dpn = d(Txn, Txpe1) + ATV, TYni1)
and by adding above inequality we have

d, < a dp_, + 2(1— a)T(d(4,B))
Similarly we can show that

dpy < a dy_, + 2(1—a)T(d(4,B))
Consequently we have

dy < ady+ 2(1—a)T(d(4,B))

If d, = Othen (x,,y,) is a coupled best proximity point of F and G. Now let d, > 0 for each n > m we have

d(Tx,, Tx,,) < d(Tx,, Txp_1) + d(Tx,_1, Ty )+ ... + d(Tx 1, TX,)
ATy, Tym) < d(TYn Tyn-1) + d(Tyn1, Tyna)+......... + d(TYmi1, TYm)
which gives
d(Txanxm) + d(Tyanym) Sdypq +tdyp tdpge.n +dpy

d, < a™ d, + 2"(1 — a™) T(d(4,B))
Takingn — oo we have

d(Tx,, Txp.1) + d(Ty,, Tyn..) = T(d(4,B))
implies that

d(Tx,,Txny1) — T(d(4,B))

d(Tyn, TYns1) = T(d(4,B))
forall n e N.
By similar argument, we also have

d(Txp41, TXnyz) = T(d(A4, B)), and d(Typq, Tyns2) = T(d(A,B)).
Since T is injective mapping so we have

d(xp, %n11) = d(A B) and d(yp, Yny1) = d(4,B)
forall n e N.
By similar argument, we also have

d(Xpi1:Xn42) =~ d(A,B), and d(Vy41,Yns2) = d(A,B).
Lemma-—14 LetT: X — X be an ICS mapping also let A and B be nonempty subsets of a metric space X
such that (A,B) and (B,A) have a property UC, F: A x A - BandG: Bx B — Aand let the ordered pair
(F,G) is a T- cyclic contraction. If (x,,y,) € Ax A and define

Xne1 = FQon o) Xnaz = G(ns1,Ynar) @A Ynys = FOn %), Yniz =

G(Vns1 Xns1)

31



Research Article Animesh Gupta et al,,Carib.j.SciTech,2013,Vol.1,027-042

forall n € Nu{0},thenfor ¢ > 0O,
there exists a positive integer N, such that forallm > n > N,

=LA, T 1) + d(T Y, Tynia)] < T(d(4,B)) +e. (2.1)
Proof : By Lemma-13, we have

d(Txy, TXpi1) = T(d(A,B)), d(Txpi1,Txpyr) — T(d(4,B)),

ATV TYni1) > T(d(4,B)),  d(Typi1, Tynsz) = T(d(A B)).
Since (A,B) has a property UC, we get

d(Tx,,Tx,.,) = O.
A similar argument shows that

d(T Y, TYn+2) > O.
As (B,A) has a property UC, we also have

d(TXps1,Txp43) = 0, d(TYp41,Tynis) = 0.
Suppose that (2.1) does not hold. Then there exists €’ > 0 such that for all k € N thereism, > n, = k
satisfying

= d(Txp Tner) + ATV TYn1)] = T(d(4,B)) + €.
Further, corresponding to n,, , we can choose m,, in such a way that it is the smallest integer with m, > n, and
satisfying above relation.
Then

“[d(Txmy2 Txn1) + A(TYmy—2:TVm41)] < T(A(A,B)) +€.
Therefore, we get

T(d(4,B)) +¢€ < a;[ d(Txmk’ Txnk+1) + d(Tymk’Tynk+1)]

[d(Txmk’ Txmk—z) + d(Txmk—Zl Txnk+1)] +a; [d(Tymk ' Tymk—z) +

<

A(TY -2 TVne1)]
< [ (T Txmy-2) + d(TYms TVimy—2)] + T(d(4,B)) + €.
Letting — oo , we obtain to see that
~[ (T TXner) + ATV TYme)] = T(d(A,B)) + €.
By using the triangle inequality, we get
ATy Tnd) * AT Y]
< S ATy THmez) + ATz TXnas) + (T3, Tyr1)]
+ (T TYmyr2) + ATz T¥nges) +

d(Tynk+31Tynk+1)]

_a d(TxmkrTxmk+2) + d (TG(xmk+11ymk+1)r TF(xnk+21ynk+2))

2 + d(Txnk+3’Txnk+1)
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+i d(TymkrTymk+2) + d (TG(ymk+1rxmk+1)rTF(ynk+2rxnk+2))]
2 + d(Tynk+3rTynk+1)

< i[d(Tx Tx ) + [d(Txmk+1,Txnk+2) + d(Tymk+1,Tynk+2) ]
- 2 mp my+2

2 +(1—a )T(d4,B))

+ d(Txnk+3 ' Txnk+1)

_'_g [d(TymkrTymk+2) +%[d(Tymk+erynk+2) + d(Txmk+1,Txnk+2)]
+(1- a)1(d(4,B))
+ d(Tynk+3,Tynk+1)
d(Txmk,Txmk+2) + d(Txnk+3,Txnk+1)
+ d(Tymk, Tymk+2) + d(Tynk+3,Tynk+1)
+ @?[d(Txmy 1. Txnsz) + ATVmpe1, TVnsz)] +
@ - a®)T(d(4,B)).
Taking k — oo, we get
T(d(4,B)) +¢€' < a?[T(d(4,B)) +€] + (1 — a®)T(d(4,B)) = T(d(4,B)) +
a’¢€
Since T is injective mapping so we have
d(A,B) +€' < a?[d(A,B) +€'1 + (L — a?)d(A,B) = d(A,B) + a?¢
which contradicts. Therefore, we can conclude that (2.1) holds.
Lemma- 15 Let T be an ICS mapping such that T: X — X also let A and B be nonempty subsets of a metric
space X, (A,B) and (B,A) satisfy the property UC*.
Let F:Ax A - B,G: B x B - Aand (F,G) be a T-cyclic contraction. If (x,,v,) € A x A and define
Xnt1 = FOu ) Yner = FQhoxn)
and
Xn+2 = G40, Yne1)y Ynrz = GWni1 Xnse)

foralln e Nu{0,then{x,}.{y.}.{x,+.tand{ y,.} are Cauchy sequences.
Proof: By Lemma-13, we have d(x,,,x,+1) — d(4,B) and d(x,.1,%x,4,) — d(4,B). Since (A,B) satisfies
property UC, we get d(x,,,x,.,) — 0. Similarly, we also have d(x,,,,,x,+3) — 0 because (B,A) satisfies
property UC.
We now show that for every e > 0 there exists N € N such that

d(p, %p41) < d(A,B) +€ (2.2)
forallm > n> N
Suppose that (2.2) doesnot hold, then there exists e > Osuch thatfor all k € N there existsm;, > n, > k
such that

d(T Xy Txny41) > T(d(4,B)) +e. (2.3)
Further, corresponding to n,,, we can choose m;, in such a way that it is the smallest integer with m;, > n,, and

satisfying above relation.
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Now we have
T(d(A,B)) + € < d(Txp, Txn+1)

IN

d(Txmk’Txmk—Z) + d(Txmk—ZrTxnk+1)

IN

d(Txym, TXm,—2) + T(d(A4,B)) + €.
Taking k — oo, we have (Txyp, . TXon, 1) = T(d(A,B)) + €.
By Lemma -14, there exists N € N such that
= d(Txpy, Txne1) + A(TYmy Tyne1)] < T(d(A,B)) + € (2.4)
forallm > n > . By using the triangle inequality, we get

T(d(4,B)) +€ < d(Txp,, Txp+1)

IN

d(TxmkrTxmk+2) + d(Txmk+21Txnk+3) + d(Txnk+31Txnk+1)

d(Txmk,Txmk+2) + d(TG(xmk+1,ymk+1),TF(xnk+2,ynk+2)) +

d(Txnk+3l Txnk+1)

IN

d(TxmkrTxmk+2) +a;[d(xmk+1rxnk+2)+ d(ymk+1rynk+2)]
+ (1 — a)T(d(A, B)) + d(Txp 43 Txp41)

= a;[d (TF(xmk,ymk),TG(xnk+1,ynk+1))] +a;[d (TF(ymk,xmk),TG(ynk+1,xnk+1))]
+(1 — a)T(d(A,B)) + d(Txp,, Txms2) +
d(Txnk+3’ Txnk+1)

< & [Tt ) + AT Tgn) + @ = T4, B))]]
+a; %[d(Tymk’Tynk+1) + d(Txmk’Tx"k+1) + Q-

a )T(d(A,B))]]

+ (l - O_’)T(d(A,B)) + d(Txmk'Txmk+2) + d(Txnk+3rTxnk+1)

= O_’Z [d(Txmk,Txnk+1) + d(TymkrTynk+1)]

+(1 — a®) T(d(A,B)) + d(Txmy, Txmys2) + d(Txnp 3, TXny41)
< a?T(d(A,B)) + €) + (1- a?) T(d(A B)) + d(Txp,, TXm,+2)

+d(Txp, 43, T X 41)
= a%e + T(d(4,B)) + d(Txmk,Txmk+2) + d(Txnk+3,Txnk+1).
Taking k — oo, we get
T(d(4,B)) + € < T(d(4,B)) + a%¢
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which contradicts. Since (2.2) holds and d(Tx,, Tx,4,) — T(d(4,B)), by using property UC* of (A,B), we
have { Tx,,} is a Cauchy sequence. In similar way, we can prove that { Ty,.},{ Tx,,,.} and { Ty,,,} are Cauchy
sequences.
Since T is ICS mapping, i.e T is injective mapping, we have { x,.}, { .}, { x,+1} and { y,,,,} are a Cauchy
sequences.
Here we state the main results of this article in the existence and convergence of coupled best proximity points
for cyclic contraction pairs on nonempty subsets of metric spaces satisfying the property UC*.
Theorem-16 Let T be an ICS mapping on X and A and B be nonempty closed subsets of a metric space X such
that (A,B) and (B,A) have a property UC*,F: AXx A — BandG:B x B — Aand let the ordered pair (F,G)
is a T- cyclic contraction. If (xo,y,) € A x A and define

Xnyr = FOu )0 Y = F(n %)
and

Xne2 = G(Xp41,Yne1)y Ynez = GWni1 X))
forall ne & u{0}. Then F has a coupled best proximity point (r,s) € A% and G has a coupled best
proximity point (r',s') € B2.
Moreover, we have x,, = r, ¥, = S, Xp4eq 2 1y Vpp1 — S
Furthermore, if r = s and r’ = s’, then

d(r,v") + d(s,s") = d(A,B).
Proof : By Lemma-13, we get d(Tx,,Tx,41) — T(d(A, B)). Using Lemma-13, we have { Tx,,} and { Ty, }
are Cauchy sequences. Thus, there exists r,s € Asuchthat Tx,, - Tr, Ty, — Ts.
We obtain that

T(d(A,B)) < d(Tr,Tx,_,) < d(Tr,Tx,) + d(Tx,, Tx,_,). (2.5)
Lettingn — oo in (2.5), we have d(Tr, Tx,_,) - T(d(4, B)). By asimilar argument we also have

d(Ts,Ty,-,) - T(d(A B)).
It follows that

d(Txn,TF(r,s)) = d(TG(xn_l,yn_l),TF(r,s))

a

<< [d(Tx,_,, Tr) + d(Ty,_1,Ts)] + (1 — a)T(d(4,B)).
Taking n — oo, we get d(Tr, TF(r,s)) = T(d(A, B)). Similarly, we can prove that
d(Ts, TF(s,r)) = T(d(4,B))
Since T is injective mapping.
Therefore, we have (r, s) is a coupled best proximity point of F.

In similar way, we can prove that there exists r’,s’ € B such that Tx,,; — r'and Ty,,; — s’. Moreover, we

have

d(Tr', TG (r',s")) = T(d(4,B)),
and

d(Ts', TF(s',r")) = T(d(4,B))
and so (r',s") is a coupled best proximity point of G.

Finally, we assume that r = s and r' = s’ and then we show that
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d(Tr,Tr")y + d(Ts,Ts") = 2T(d(4,B)).
For all n € N, we obtain that

d(Txy, TXniq) = d(TG(xn_l,yn_l),TF(xn,yn))

< SLdTx 1 Tx) + d(Tyn 1, Ty)] + (1 — a)T(d(4,B)).
Letting n — oo, we have

d(Tr,Tr'") < %[d(Tr,Tr’)+ d(Ts,Ts')] + (1 — a) T(d(A,B)). (2.6)
For alln € N, we have

ATy TYns1) = A(TC(Vp—y, %y—1). TF (3, %))

< SLd(Typy, Ty) + d(Tx,1,Tx,)] + (1 — @) T(d(4,B)).
Letting n — oo, we have
d(Ts,Ts") S%[d(Ts,Ts’)+ d(Tr,Tr")1+ (1 — a) T(d(4, B)). (2.7)
Similarly we can write,
It follows from (2.6) and (2.7) that

d(Tr,Tr') + d(Ts,Ts") S% [d(Tr,Tr") + d(Ts,Ts")] + 2(1 — a)T(d(4, B))

which implies that

d(Tr,Tr") + d(Ts,Ts") < 2T(d(4A,B)). (2.8)
Since T(d(A,B)) < d(Tr,Tr")and T(d(A,B)) < d(Ts,Ts"), we have

d(Tr,Tr") + d(Ts,Ts") = 2 T(d(A,B)).
From (2.7)and (2.8),we get

A

d(Tr,Tr") + d(Ts,Ts") = 2T(d(4,B)). (2.9)
Since T is injective mapping which implies
d(r,v") + d(s,s") = 2d(A,B). (2.10)

This completes the proof.
Note that every pair of nonempty closed subsets A,B of a uniformly convex Banach space X such that A is
convex satisfies the property UC.
Therefore, we obtain the following corollary.
Corollary- 17 Let T be an ICS mapping such that T: X — X and A and B be nonempty closed convex subsets
of a uniformly convex Banach space X,F: A x A — BandG: Bx B — Aand let the ordered pair (F,G) be
a T- cyclic contraction. Let (x,,y,) € A x A and define

Xpir = FOud) Xnvz = Gtnsr, Yne1)r a0d Yy = FOXn), Yniz = GOnirs Xngr)
forall n € Nu{0}. ThenF has a coupled best proximity point (r,s) € Ax A and G has a coupled best
proximity point (r',s') € B x B.
Moreover, we have x,, > 1, ¥, = S, Xpp1 2 1y VY41 — S
Furthermore, if r = s and ' = s’, then

d(r,rv") + d(s,s") = 2d(A,B).

Next, we give some illustrative example of Corollary -17.
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Example- 18 Consider uniformly convex Banach space X = R with the usual norm. Let A = [1,2] and
B = [-1,-2]. Thusd(A,B) = 2.DefineF: Ax A - BandG: Bx B — Aby

—2x -3y +1
’ :

and G(x,y) =

F(x,y) = =222t

For arbitrary (x,y) € Ax A and (u,v) € Bx B and fixed p = % and q :%We get

d(F(x,y),G(w,v)) = _x_63’_1 _—u—6v +1|
2x-ultsly-vl | 1
6

:§d(x,u) + %d(y, v) + (1 - (p+q))d(4,B)

<

w

This implies that (F,G) is a cyclic contraction with @ = % Since A and B are closed convex, we have (A,B)
and (B,A) satisfy the property UC*.
Therefore, all hypothesis of Corollary -17 hold. So F has a coupled best proximity point and G has a coupled
best proximity point. We note that a point (1,1) € A x A is a unique coupled best proximity point of F and a
point (—1,—1) € B x B is a unique coupled best proximity point of G. Furthermore, we get

d(1,-1) + d(1,-1) = 4 = 2d(A,B).
Next, we give the coupled best proximity point result in compact subsets of metric spaces.
Theorem- 19 Let T be an ICS mapping such that T: X — X and A and B be nonempty compact subsets of a
metricspace X, F: Ax A - BandG: Bx B — Aand let the ordered pair (F,G) be a cyclic contraction.
Let (x,,y,) € Ax A and define

Xpe1 = FOu¥n), Xnsz = G(ni1, Yne1)

Va1 = FOnxn), Yniz = GOni1s Xni1)
forall ne N u{0} ThenF has a coupled best proximity point (r,s) € Ax A and G has a coupled best
proximity point (',s') € Bx B.
Moreover, we have x,, = 1, ¥, = S, Xpy1 2 1 Vpp1 — S
Furthermore, if r = s and ' = s’, then

d(r,") + d(s,s") = 2d(4,B).
Proof : Since x,,y, € A and

Xni1 = FOu¥n), iz = G(Xni1, Yns1)

Yne1 = FOniXn), Ynsz = GOnirs Xngr)
forall ne NuU{0,wehave x,,y, € Aand x,,1,Vn+1 € Aforall ne N U{0.AsA is compact, the

sequences { x,,} and {y,} have convergent subsequences { x,, } and {y,,} respectively, such that

Xn, > TE A Wy = SEA

k
Now, we have

T(d(A,B)) < d(Tr,Txp, ) < d(Tr,Tx,,) + d(Tx,, Txy, 1)
By Lemma-13, we have d(Tx,, . Tx,,_,) = T(d(4,B)).
Taking k — oo in(2.11), we get

d(Tr, Txn,—1) - T(d(4,B)).
By a similar argument we observe that

d(Ts,Txp,—1) = T(d(A B)).
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Note that

T(d(AB)) < d(Txn, TF(,5)) = d(T6(xno1, Y1) TF(,5))

<[ d(Txp-1.Tr) + d(Tyn,-1.Ts)] + @ = a)T(d(4,B)).
Taking —» oo, we getd(Tr,TF(r,s)) = T(d(A,B)). Similarly, we can prove that
d(Ts, TF(s,r)) = T(d(A,B)).
Thus F has a coupled best proximity (r,s) € A x A. Insimilar way, since B is compact, we can also prove
that G has a coupled best proximity point (r’,s') € B x B . For
d(Tr,Tr'") + d(Ts,Ts") = 2T(d(4,B))
Since T is injective mapping. So we have
d(r,v") + d(s,s") = 2d(A,B)
similar to the final step of the proof of Theorem-16.

This completes the proof.

3. Coupled Fixed Point Theorems
In this section, we give the new coupled fixed point theorem for a cyclic contraction pair.
Theorem- 20 Let T be an ICS mapping such that T: X — X also A and B be nonempty closed subsets of a
metricspace X,F: Ax A —» BandG: Bx B — Aand letthe ordered pair (F,G) be a T-cyclic contraction.
Let (xo,y,) € Ax Aand define
Xpi1 = Fn,Yn) Xpaz = G(Xpp1, Y1)
Va1 = FOnXn), Ynrz = G(ny1i Xni1)
forall ne Nu{0}. If d(4,B) = 0, then F has a coupled fixed point (r,s) € Ax A
and G has a coupled fixed point (r',s’) € B x B.
Moreover, wehave x,, = 7, ¥, = S, Xpp1 =2 7', Vp41 — S
Furthermore, if r = " and s = s’, then F and G have a common coupled fixed point in (4 n B)?2.
Proof : Since d(4,B) = 0, we get (A,B) and (B,A) satisfy the property UC.

Therefore, by Theorem- 16, we claim that F has a coupled best proximity point (r,s) € A x A thatis

d(Tr,TF(r,s)) = d(Ts,TF(s,r)) = T(d(A,B)) 3.1)
and G has a coupled best proximity point (r’,s’) € B x B thatis
d(Tr',TG(r',s")) = d(Ts',TG(s',r")) = T(d(4, B)). (3.2)

From (3.1) and (4,B) = 0, we conclude that
r = F(r,s), s = F(s,r).

that is (r, s) is a coupled fixed point of F. It follows from (3.2) and d(4, B) = 0, we get
r = G@'s"), and s' = G(s', 1)

that is (r', s") is a coupled fixed point of G.

Next, we assume that » = ' and s = s’ and then we show that

F and G have a unique common coupled fixed point in (A n B)?.

From Theorem-16, we get
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d(Tr,Tr") + d(Ts,Ts") = 2T(d(4,B)). (3.3)
Since T(d(A,B)) = 0, we get
d(Tr,Tr") + d(Ts,Ts") = 0

Since T is injective mapping.

which impliesthatr = r"ands = s".

Therefore, we conclude that (r,s) € (4 n B)? is common coupled fixed point of F and G.

Example- 21 Consider X = R with the usual metric, A = [-2,0]and B = [0,2]. Define T: X —» X ,F: A X
A - BandG:Bx B - AbyTx zz

2u +2v

F(x,y) = —@and Gu,v) = ;

Then d(4,B) = 0and (F,G) isa T- cyclic contraction witha = %.

Indeed, for arbitrary (x,y) € Ax A and (u,v) € B < B,

we have

2x+2y | 2u+2v
- ="+
5 5

d(F(x,y).G(u,v)) =
<2 [d(Tx,Tu) + d(Ty,Tv)] + (1 — a)T(d(4,B)).
Therefore, all hypothesis of Theorem-20 hold. So F and G have a common coupled fixed point and this point is
(00) e (An B)%
If we take A = B in Theorem — 20 then we get the following results.
Corollary- 22 Let T be an ICS mapping such that T: X — X and A be a nonempty closed subset of a complete
metricspace X,F: Ax A —» AandG: Ax A — Aand let the ordered pair (F,G) be a T-cyclic contraction.
Let (x5,v7,) € Ax A and define
Xne1 = FOu ), Ynar = FOn X)) and xppp = GO0, Yn41) Ynwz = G Xngn)
forall neNU{ 0}
Then F has a coupled fixed point (r,s) € Ax Aand G has a coupled fixed point (r',s") € B x B. Moreover,
wehavex, = 7, ¥, = S, Xp41 = T, Vna1 — S’ Furthermore, ifr =" and s = s’, then Fand G have a
common coupled fixed point in Ax A. We take F = G in Corollary-22 then we get the following results
Corollary- 23 Let T be an ICS mapping such that T: X — X and A be nonempty closed subsets of a complete
metric space X, F: Ax A - Aand
d(TF(x,y), TF (u,v)) < "’; [d(Tx,Tw) + d(Ty,Tv)]

forall (x,y),(u,v) € Ax A .ThenF has a coupled fixed point (r,s) € A x A.

Acknowledgement: The author are thankful to the referee for giving valuable suggestions to improve the
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